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Bihamiltonian approach to the closed string model in the background 
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The closed string model in the background gravity field and the antisymmetric B-field is considered as the 
bihamiltonian system in assumption,that string model is the integrable model for particular kind of the background 
fields. It is shown, that bihamiltonity is origin of two types of the T-duality of the closed string models. The 
dual nonlocal Poisson brackets, depending of the background fields and of their derivatives, are obtained. The 
integrability condition is formulated as the compatibility of the bihamoltonity condition and the Jacobi identity 
of the dual Poisson bracket. It is shown, that the dual brackets and dual hamiltonians can be obtained from 
the canonical (PB) and from the initial hamiltonian by imposing of the second kind constraints on the initial 
dynamical system, on the closed string model in the constant background fields, as example. The closed string 
model in the constant background fields is considered without constraints, with the second kind constraints and 
with first kind constraints as the B-chiral string. The two particles discrete closed string model is considered as 
two relativistic particle system to show the difference between the Gupta-Bleuler method of the quantization with 
the first kind constraints and the quantization of the Dirac bracket with the second kind constraints. 


1. Introduction 

The bihamiltonian approach to the inte¬ 
grable systems was initiated by Magri Q for the 
investigation of the integrability of the KdV equa¬ 
tion. A finite dimensional dynamical system with 
2N degrees of freedom x“, a = 1...2iV is inte¬ 
grable, if it is described by the set of the n inte¬ 
grals of motion Fi, ..Fn in involution under some 
Poisson bracket (PB) 

{F^,Fk}pB = 0 ( 1 ) 

The dynamical system is completely solvable, if 
n = N. Any of the integral of motion (or any 
linear combination of them) can be considered as 
the hamiltonian 

Hk := Fk ( 2 ) 

The bihamiltonity condition has following form 

(jrpO- 

= ^ = = = (3) 
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The hierarchy of new (PB) is arose in this con¬ 
nection. 

(4) 

The hierarchy of new dynamical systems is arose 
under the new time coordinates tk- 

^ = (5) 

The new equations of motion are describe the new 
dynamical systems, which are dual to the origi¬ 
nal system, with the dual set of the integrals of 
motion. The dual set of the integrals of motion 
can be obtained from the original it by the mir¬ 
ror transformations and by the contraction of the 
integrals of motion algebra. The contraction of 
the integral of motion algebra means, that the 
dynamical system is belong to the orbits of corre¬ 
sponding generators and is describe the invariant 
subspace. The set of the commuting integrals of 
motion is belong to Cartan subalgebra of this al¬ 
gebra. Consequently, duality is property of the 
integrable models. KdV equation is one of the 
most interesting examples of the infinite dimen¬ 
sional integrable mechanical systems with soliton 
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solutions. We are considered the dynamical sys¬ 
tems with constraints. In this case, first kind con¬ 
straints are the generators of gauge the transfor¬ 
mations and they are integrals of motion. First 
kind constrains Fk{x°‘) ~ 0, A: = 1,2... form the 
algebra of constraints under some (PB). 

{F,,F,}pB = Cl,Fi^0 ( 6 ) 

The structure functions Ch. may be functions of 
the phase space coordinates in general case. The 
second kind constraints /fc(a;“) « 0 are the rep¬ 
resentations of the first kind constraints algebra. 
The second kind constraints is defined by the con¬ 
dition {fi, fk} = Cik ^ 0. The reversible ma¬ 
trix Cik is not constraint and it is function of 
phase space coordinates also. The second kind 
constraints take part in deformation of the {, }pb 
to the Dirac bracket {, jp. As rule, such defor¬ 
mation leads to the nonlinear and to the nonlo¬ 
cal brackets. First kind constraints are imposed 
upon the vector states under the quantization: 
Fk\'i >= 0. The same spectrum of the exci¬ 
tations and of the wave functions are obtained 
under the Gupta- Bleuer method of the quantiza¬ 
tion. One-half of the second kind constraints can 
be considered as first kind constraints and they 
must be imposed upon vector states in Gupta- 
Bleuer method of quantization. The (PB) is not 
deformed to the Dirac bracket in this connection. 
The bihamiltonity condition leads to the dual 
(PB), which are nonlinear and nonlocal brackets 
as rule. We suppose, that the dual brackets can 
be obtained from the initial canonical bracket un¬ 
der the imposition of the second kind constraints. 
We make this conclusion from the consideration 
of two dynamical models, closed string model in 
the constant background fields and two particles 
discrete closed string model, as examples. The 
Gupta- Bleuer method of the quantization may be 
more preferable in some case, if the dual bracket 
is nonlocal. We have applied bihamiltonity 
approach to the investigation of the integrabil- 
ity of the closed string model in the arbitrary 
background gravity field and antisymmetric B- 
field. The bihamiltonity condition and the Jacobi 
identities for the dual brackets have considered 
as the integrability condition for a closed string 
model. They led to some restrictions on the back¬ 


ground fields. The local dual (PB) of the similar 
type have considered in the application to the 
hamiltonian hydrodynamical models. The (PB) 
of the hydrodynamical type for the phase coordi¬ 
nate functions is defined by formula 

Wix), u^iy)} = a^\u{x))dj{x - y) (7) 

+bf{uix))ul6{x-y) 

There are the arbitrary functions 

of the phase space coordinates and Ux = dxU. 
The Jacobi identity is satisfied under the follow¬ 
ing conditions: 

1. Tensor is symmetric tensor and it is define 
some metric on the phase space. 

2. h]^{u) = —g'‘^V^i{u) and connection Fj; is con¬ 
sistent to metric g^^ and it has zero curvature and 
zero torsion. 

Therefore, there are such local coordinates, that 
g^^= const, bji = 0. This (PB) was used for de¬ 
scription of the hamiltonian system of the hydro¬ 
dynamical type. That is systems with function¬ 
als of the hydrodynamical type. The density of 
this functionals does not depend of the deriva¬ 
tives Ux^UxxT- and hamiltonian is functional of 
the hydrodynamical type also. 

In opposite this models, the functionals of the 
closed string model is depended of the derivatives 
of the string coordinates. As result, we need to 
introduce additional nonlocal term with the step 
function e(x—y) = 2d~^5{x — y), which is the ori¬ 
gin of the difficulty of the Jacobi identity proof. 
The plan of the paper is following. In the second 
section we are considered closed string model in 
the arbitrary background gravity field and anti¬ 
symmetric B-field as the bihamiltonian system. 
We suppose, that this model is integrable model 
for some configurations of the background fields. 
The bihamiltonity condition and the Jacobi iden¬ 
tities for the dual (PB) must be result to the inte¬ 
grability condition, which is restrict the possible 
configurations of the background fields. The well 
known examples of the integrable gravity mod¬ 
els with the gravity metric tensor, which is de¬ 
pended of one or of two variables only. In this 
paper we are assumed the metric dependence of 
the arbitrary number of the variables for general¬ 
ity and we did not analyzed the particular cases 
of the metric dependence. In the third section we 
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are considered three examples of the closed string 
model in the constant background fields: with¬ 
out constraints, with the second kind constraints 
and the B-chiral string with the first kind con¬ 
straints. In the four section we are considered 
two particles discrete closed string model to show 
the difference between the (PB) structure under 
the Gupta-Bleuer method of the quantization and 
under the quantization of the system with the sec¬ 
ond kind constraints. 


2. Closed string in the background fields 

The closed string in the background gravity 
field and the antisymmetric B-field is described 
by first kind constraints 

hi = ^g°‘^{x)[pa - aBac{x)x ‘^][pb - aBM{x)x 
+ ]^ 9 ab{x)x “a; ^ « 0, h 2 = PaX “ « 0 (8) 

where a,b = 0,l,...D — 1, x°'{a),Pa{(j) are the 
periodical functions on cr with the period on tt 
, a -arbitrary parameter. The original (PB) are 
the symplectic (PB) 

{x^{a),pb{a')}i = 6^6{a - a') (9) 

= {pa,Pb}i = 0 

The hamiltonian equations of motion of the closed 
string, in the arbitrary background gravity field 
and antisymmetric B-field under the hamiltonian 

TT 

Hi = J hida and (PB) {, }i, are 
0 

= g^'^lpb - aBbcx''] (10) 

Pa — Pc \9cLh ^ BacQ Bdi^X 

1 f) / 

+a ^ {Bad9’^‘')x' ^pc - 
-l^[5bc - a^Bbd9'^’'Beb\x'’x'^+ 

+ ^[ffac - a'^Bad9‘^''Bec]x^x‘^ 


The dual (PB) are obtained from the bihamil- 
tonity condition 


hida }i = J h2da }2 
0 0 


TT 


TT 


Pa = J J }2 

0 0 
and they have following form 

{A{a),B{a')}2 = 
f)A f)B 

-^[[.-(.)+.-(a)]e(a-.)T 


[n<^\a) + n<^\a)]5{a - a)] + 


( 11 ) 


( 12 ) 


OA on „ . . , 'm / ' N 

^— -—[[uJabicr) + U)ab(<j )\e{cr - cr) + 
op a opb 

I d 

[^abi<j) + ^ab{<J )]-^S{a - a) + 

[llab)^) -f lla6(CT )]<5 (ct -Cr)] + 


dA dB dA dB at r ' \ 




dA dB dA dB 


dx°- dpb dpb dx‘^ 


] [life (o-) + lift (o' )]^(o' - cr) 


The arbitrary functions A, B, uj, $, 17 are the func¬ 
tions of the x°'{a),pa{cr). The functions uj°'^,ujab, 
are the symmetric functions on a,b and 
17“^,17a6 are the antisymmetric functions to sat¬ 
isfy the condition {A,B }2 = —{B,A} 2 . The 
equations of motion under the hamiltonian H 2 = 

TT 

/ h 2 {(T )da and (PB) {, }2 are 
0 


x^ = -2 lo^x^ + + 2$“V6- 

-2$“/^ -h 20“a;'^ - 217“Vb+ 


da \uJbX “ -|- 




dx^ 


/ / 
■X Pc + -TT—PbPcHcy 


dpb 


dpb 


Pb)Pc- 


(13) 


o) 




4 


-( 




dx’^ 


dpb 


■Pb)x 


Pa = -2LUabX^ “ 2^abX ^ + 2nabX '’+ (14) 

TT 

+Aujlpb + 2^1 p'^ + 2nlp^ + j da\ujabx^- 

n 


q 2 , ,cd 


d w dw , , 

p^P‘‘--a^KPM<^ -p) 

-(^p'‘ + ^n)p‘+ 


dpb' 

,54>^ d<^>'a \ ' 

+ ('^^ + ~^Pb)Pc 


dpb 


The bihamiltonity condition (0) is led to the two 
constraints 


(15) 


-2uj'ix'’ + 4w“% + 24>“Vh- 
-24>^x"'’ + - 211“V1+ 

f j a 'a 'f) ' 1 / ' X 

J da Kx + Pc + -^PbPcHa - a) 


5$“'= /. 9$“^ /, / 

-a: + — PbJPc- 


dxf> " ' dpb 

a$“ ,, , , . . , 

-(^^ + ^ ■ a<?“'^bca; ^ 

-2iOabX^ - 2^abx "^ + 2nabX^+ (16) 

TT 

+4WaPb + 2$aPb + 211aP6 + J da'iujabx'^- 

0 

d'^u}^‘^ If, duj^‘^ 

dx°-dx^^ 


(9cl> /, / 

^ + -d^Pb)^ 


I b/LU I , 

PcPd - -^PbPc)d - <X) 


dxb ' dpb ' 

,u 54*“ ' ' 


= aBabi'^^Pa + [5ab “ BadP'^’'Bcb\x 

1 f)n^^ f) / 

+a^(,Badg‘^d^Pc- 


-l^idbc - a^Bbdg‘'^Bab]x'’x^+ 

^[flac - Badg'^’'Bec]x *'x ^ 

In really, there is the list of the constraints de¬ 
pending on the possible choice of the unknown 
functions w, 11, 4>. In the general case, there are 
as the first kind constraints as the second kind 
constraints too. Also, it is possible to solve the 
constraints equations as the equations for the def¬ 
inition of the functions w, H, 4>. We are considered 
last possibility and we obtained the following con¬ 
sistent solution of the bihamiltonity condition. 


= 0,11“^ = 0,4>;( = 0,0;“'’= C'5“'’ (17) 

C d'^g^^ a dg°^^ 

= 2 = -b^SjPP^’ 


4*ab — 2 ^ P^acP Bdb]: 


_ 1 d^bc 

2^5x“ 




’ ^5x“ 


511^ 


)Pc 


dxb 

2Vll = -ag'^^B. 


dxb 

d^ 

dpc 

dg‘^^ 

dx‘ 


)x “- 

= 0 

-x“ = ng" 


ab 


c = 


2{n + 2) 


The metric tensor g“'’(x) is the homogeneous 
function of x“ order n and C is arbitrary constant. 
In the difference of the (PB) of the hydrodynami- 
cal type, we are needed to introduce the separate 
(PB) for the coordinates of the Minkowski space 
and for the momenta because, the gravity held is 
not depend of the momenta. Although, this dif¬ 
ference is vanished under the such constraint as 
/(x“,Pa) ~ 0. One can see, that the main term 
in the (PB) with the metric tensor is the term 
with the step function e[a — a ). The functions 
uj\, idab are proportional to the connection and to 
the torsion. The function Uab is proportional to 
the curvature and the product of the connections. 
The dual (PB) for the phase space coordinates are 


{x“(u), x'’(u ')}2 = [d{a) + d{a'Ma’ - a) 


{Pa{cr),Pb{o' )}2 = [Wab(cr) -f a;ab(cr )]e{a - a)+ 

! d ' 

[4’ab(o-) -I- 4>a6(cr )]^^^(tT - a) + 

[OQ;,(tT) -I- VLab{a )]5(cr - a) 


(18) 
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{a;“(cr),pb(cr')}2 = K(cr) +a;^(cr')]e(cr' - a) 

+ [r2^(cr) +f}^(cr')](5(cr' - a) 

{paia),x''{a')}2 = K(cr)+a;^(cr')]e(cr' - a) 

+ [f}g(cr) +nt{a')]d{a' - a) 

The functions uj°‘^{x),u!abix),^abix),V.abix), 
a;j(x),r2^(x) is defined in (17). It is rather easy 
to prove the Jacobi identities for the local part 
of the dual (PB) {,} 2 - It does not understand, 
how to prove the Jacobi identities for the nonlo¬ 
cal part of it. The principal term of the Jacobi 
identities with the step functions only is the term 
with the structure function uj°-^{x). 

(19) 

- a)eia" - a)+ 


some examples, the second kind constraints of the 
f{x‘^,Pa) « 0 type can lead to the nonlocal Dirac 
bracket with the step function from the one side, 
and they can introduce the dependence of the 
metric tensor of the momenta on the solutions of 
this constraints from the other side. At present, 
this problems are under the consideration. 

3. Constant background fields 

The bihamiltonity condition ®,(0) is re¬ 
duced to the following constraints on the phase 
space 

-2uj^x^ + - 2<^'^x"^+ 

+2n'ix'^ = - ag’^^Bbcx'^, = 0 (21) 

-AoJabX^ - 2^abx"^ + 2flabX^ + ^Ujlpb + 

+ ‘2‘^aPb + ‘2‘^aPb = Q.Babg^‘^Pc+ 

+ [gab — a^Bacg^'^Bdb]x ^ 




+/“(o')]]e(o' - <x'')e{a' - a") = 0 


It is possible to reduce this condition to the 
unique equation 


dx‘^ 


[/^(a)+/^(a")] 


dg‘^%a) 

dx‘^ 




- o-)e(cr" - ct) = 0 (20) 


One of the possible way of the solution of this 
problem is the consideration of the metric tensor 
on the phase space to count the contribution of 
the structure functions O and <i> to this expres¬ 
sion. The second possible way is the considera¬ 
tion of the second kind constraints from the list of 
the constraints (|l^,(|l^), instead of the solution 
©• It is necessary to introduce this constraints 
to the initial model with the hamiltonian Hi, the 
(PB) {, }i and to obtain the bihamiltonity con¬ 
dition in this case. As we will see later on the 


There is the unique solution without constraints 

^ab ^ 

-2$ab = gab - Bacg‘^'^Bdb (22) 

The rest structure functions are equal zero. In 
this section we are supplemented the bihamil¬ 
tonity condition & by the mirror transforma¬ 
tions of the integrals of motion. 

TT TT 

= {^°>y hida }i = J }±2 (23) 

0 0 
The dual (PB) are 

K(a),x'’(a')}±2 = ±i5“V-a) (24) 

{x°-{a),pbia )}±2 = T(xg°'‘'BcbS{a - a) 
{Paicr),Pb{(x )}±2 = 

= T[9ab - a^Bacg'"^Bdb]-^5{a - a) 

The dual dynamical system 

= {x“, ±772 }i = {a:“, J7i}±2 (25) 

is the left (right) chiral string 

= ±x'°-, Pa = ±p'a 


(26) 
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In the terms of the Virasoro operators 

TT 

Lk = ^ J{hi + h2)e^'^Ua (27) 

0 

TT 

Lfc = ^ J{hi - h2)e^'^Ua 

0 

the first kind constraints form the Vir ®Vir al¬ 
gebra under the (PB) {, }i. 

— iijl 

{L„,L„}i = 0 (28) 

The dual set of the integrals of motion is obtained 
from initial it by the mirror transformations 

Hi ^ ±H2, Lq ^ ±Lo,Lo ^ ^Lo,t ^ a (29) 

and by the contraction of the first kind con¬ 
straints algebra L„ = 0 , or L„ = 0 , n 7 ^ 0 . 

3.1. Second kind constraints 

Another way to obtain the dual brackets is the 
imposition of the second kind constraints on the 
initial dynamical system, by such manner, that 
Fi = Fk for i ^ k,i,k = 1,2,... on the constraints 
surface f[x°‘,pa) = 0. Let us consider the closed 
string model with Bab = 0 for simplicity. 

hi = ^g^'^PaPb + ^gabX “x 

h2 = PaX°- (30) 

The constraints fi \x,p) = Pa — Pabx'^ ~ 0 or 
= Pa+gabx'^ « 0 (do not simultaneously) are 
the second kind constraints. 

= ±2gab^S{a - a) (31) 

(7 

The inverse matrix ((7*-^^)“^ has following form 

C(±)“'’(a-a') = ±ig“^e(a'- ct) (32) 

There is only one set of the constraints, because 
consistency condition 

{/W(a),i7i}i = /(±)(a)« 0 ,... 

{/(±)(")(a), Hi}i = /(±)("+i)(a) « 0 (33) 


is not produce the new sets of constraints. By 
using the standard definition of the Dirac bracket, 
we are obtained following Dirac brackets for the 
phase space coordinates. 

{x°-{a),x^{a')}D = ±^g°^’’eia' - a), (34) 

/ 1 d f 

{Pa{cr),Pb{cr )}d = T7;gab—S{cr - a), 

{x‘^{cr),pb{a')}D = ^S^S{a' - a) 

The equations of motion under the hamiltonians 
Hi — hi,H 2 = ^2 and Dirac bracket 

= {x‘^,Hi}d = {x\H2}d = g^'^Pb = ±*'“(35) 

Pa = {Pa,Hi}i = {pa,H2}D = Pabx'^ = ±p'a 

are coincide on the constraints surface. The dual 
brackets {, }±2 are coincide with the Dirac brack¬ 
ets also. The contraction of the algebra of the 
first kind constraints means that the integrals of 
motion Hi = H 2 are coincide on the constraints 
surface too. 

3.2. B-chiral string 

Let us consider the following constraint from 
the list (^J) 

•Pa=Pa+ l3BabX ^ « 0 (36) 

The consistency condition 

{Pa, Hi}i = {a + f3)Babg^‘^<PcF 
+ [gab - (a + ^fBacg^’^Bdb]x^ ~ 0 (37) 

show, that under the additional condition on the 
B-field 

gab = (a ± PfBacg^'^Bdb (38) 

the constraints tpa ~ 0 are first kind constraints. 
The motion equations are 

i;“ = -(Q;-h/3)5“*'Bfcc*'“ (39) 

Pa = -{a + l3)Babg’'‘'Pa, *“ = 

This model is the bihamiltonian model under 
(PB) ( p^ also. The B-chiral string model is dual 
to the chiral model also. 
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4. Two particles discrete string 

In this section we are considered two particles 
discrete closed string model, as two relativistic 
particles model, to show the difference between 
the Dirac brackets quantization and the Gupta- 
Bleuer quantization methods. Two and three 
pieces discrete string in Gupta-Bleuer method of 
quantization was considered in the paper Q and 
it is described by the following constraints 

h = ^{p'^ + q^) + u;^r^ ^ 0, 

f^=pqKi 0, f3 = qr^ 0, (40) 

f2=pr^ 0 , /4 = 

This model is the two relativistic particles system 
with the oscillator interaction. The constraints 
& are two particles discrete analog of the Vira- 
soro constraints and p, g, r are the collective vari¬ 
ables p°‘ = P 2 + Pi,g“ = P 2 - Pli r°‘ = X 2 — 
Under the hamiltonian H = h and the canonical 
(PB) {r“,g*'} = 2ry“^, the constraints fi are the 
second kind constraints. 


{/i,/ 2 } = 2 pV 0 , 

{hJi} = g^ ^ 0 


(41) 


The string coordinates are satisfied to following 
Dirac brackets. 

r Xhqa — Taqt r ^ A ! 1 

{ra,niD = , 2 2 ’ XlatQbiD =4wo{ra,rb}. 


g^ -I- 

r 1 o/' PaPb 

{r-a, qb}d = 2[riab -5- 

pZ 


qgqt + ‘jbdlrgn 
g 2 -I- 


)(42) 


In the terms of the amplitudes , ag of the 
equations of motion solutions 


(43) 


g, = 2 ztuo(a,e*“'>" - ai+)e-*“‘>") 
they have form 

i{a\^'^ag - ai’^^Ofa) 

{rg,n]D = -rn-, 

2woa), 'ak 

{qa,qb}D = 2uJo{rg,rb}, 

PaPb 


(44) 


-I- 

2 a^^^afc 


This Dirac brackets is possible to solve in the 
terms of the variables a, 


{ag,a] 


(+) 1 ^ / PaPb 

iD = 7: - (Vab - — 

2uJo p^ 


2uJoa^^\k 


)(45) 


The hamiltonian and the linear combinations of 
the constraints /i, have following form. 


H=\p^ 




(46) 

/i = Pka^, /2 = Pka^k\h = a,ka^, fi = 




Under the quantization [, ] 
operators ak,a'^\ the commutation relation is 

r (+)i 1 ( PkPl N , 


1 


+ ^^a^+Pa,)-^ai+^ai 


(47) 


2 wo'“‘ 

Last term of the commutation relation has trans¬ 
posed Lorentz indeces k,l. The wave function 

|4'n(p) >= > (48) 

of the physical states must to be the own function 
of the hamiltonian H on the constraints surface. 
Let us consider the two particles excited state, for 
example. 


,1 


H\^2ip) >= Gp^ - 4w^)4'fcife2(p)4+^4+V ^49) 


+ terms, which are proportional to the expres¬ 
sions 




Gonsequently, we must to impose additional con¬ 
ditions on the wave function p^'^ki = 0, G^'^ki = 
0 to satisfy the request about the own function. 
Last term ki is vanished on the con¬ 

straints surface. In contrast to the nonlinear 
and to the nonlocal Dirac bracket (p5|), we have 
the canonical (PB) and two first kind constraints 
Pka^ ~ Q^aka^ « 0 in the Gupta-Bleuer method 
of the quantization. The first kind constraints 
H, fi , /a are imposed on the vector states and 
they are led to the following equations on the 
wave function. 


(/ - lQujl)'SkAk2..k„{p) = 0 , 

p''^kk2..k„ip) = 0,r?'"'4'fc;,,fe„(p) = 0 


{rg,qb}D = 2{pgb 


( 50 ) 











5. Relativistic particle in the constant elec¬ 
tromagnetic field 

The relativistic particle in the constant back¬ 
ground electromagnetic field is described by the 
Hamiltonian 

H =]^[{Pa+i(iBabXbf ( 51 ) 

The electromagnetic field is Aa{x) = 

—2FabXb=—BabXb- The simplest constraint from 

(§3) is 

Pa =Pa+ iaBabXb « 0 ( 52 ) 

The consistency condition 

{pa,H} = ia{a +/3)BabPb ( 53 ) 

shows that there is a unique set of constraints if 
a + P = 0. They are the second class constraints 
{Pa^Pb} = 2iaBab- There is the following algebra 
of the phase space coordinates under the Dirac 
bracket 

— 2 1 

{Xa,Xb}D = T;-{B~^)ab,{Xa,Pb}D = T^Vab 

2a 2 

—ta 

{Pa,Pb}D = —^Bab ( 54 ) 

The motion equation under the Dirac bracket 

Xa + 2iaBabXb = 0,pa + 2iaBabXb = 0 ( 55 ) 

has the solution Xair) = {e~‘^^°‘^'^}abXb{0)- The 
quantization of the Dirac bracket results in the 
following commutation relations. 

1 a 

2a 2 

2 

[Xa,Pb] = -jPab ( 56 ) 
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